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Abstract 

We construct geometric examples of N-differential graded algebras such as the 
algebra of differential forms of depth on an affine manifold, and A^-flat covariant 
derivatives. 

Introduction 

The applications of the theory of complexes and homological algebra have touched many 
branches of mathematics such as topology, geometry and mathematical physics. The 
possibility of developing an homological algebra for the equation d'^ = for > 3 has 
been around at least since 1940 in works by Mayer [M]. 

However, N-homological algebra for > 3 only aroused the interest that it deserves 
in 1991 when Kapranov's paper [K] appeared. Fundamental works by Dubois- Violette 
appeared in [DVl], [DV2] soon after. The key notion is that of a q-differential graded 
algebra (q must be a primitive N-root of unity), which consists of a Z-graded vector space 
V together with an operation m : V ® V V and an degree one map d : V —>■ V such 
that: 1) m is associative, 2) d satisfy the q-Leibniz rule d{ab) = d{a)b + q'^^^^"'^ ad{b) and 
3) c/^ = 0. 

Notice that in the definition of a q-differential graded algebra not only the equation 
(i^ = is deformed to d^ = 0, but also the Leibniz rule is substituted by the q-Leibniz 
rule. The theory of q-differential graded algebras has been further developed in many 
papers such as [AB], [DV3], [DVK], [KW], [KN], [S]. 

The foundations of a theory of N-differential graded algebras (N-dga) has been written 
down in [AD]. A N-dga consists of a Z-graded vector space V together with an associative 
operation m : V ^ V ^ V and a degree one map d : V ^ V such that: 1) rf^ = and 
2) d{ab) = d{a)b + {—lY^^^'^^ad{b). Notice that in the definition of a N-dga the equation 
(i^ = is replaced by d^ = 0, whereas the Leibniz rule is not modified. This fact explain 
why our definition is better suited for the use of differential geometric techniques. 
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At first sight it looks difficult to came up with examples of N-dga. The purpose of 
this paper is to introduce geometric examples of N-differential graded algebras, which 
show that that this sort of algebras appear naturally in a wide variety of contexts. Our 
examples range from the algebra of differential forms of depth N (see Section 4) to the 
theory of N-fiat covariant derivatives (see Section 1). 

1 N-covariant differentials 

The purpose of this paper is to introduce geometric examples of N-differential graded 
algebras (N-dga). Let us first formally introduce the notion of N-dga [AD]. Let k be a 
commutative ring with unit. 

Definition 1 A N-differential graded algebra or N-dga overk, is a triple {A',m,d) 
where m : ^ ^ A^^^ and d : A^ ^ A^^^ are k-modules homomorphisms satisfying 

1) (A',m) is a graded associative algebra. 

2) d satisfies the graded Leibniz rule d{ah) — d{a)b + (— l)"ad(6). 

3) d^ = 0, i.e., (^*,(i) is a N-complex. 

A 1-dga is a graded associative algebra. A 2-dga is a differential graded algebra. 

Definition above may be justified categorically as follows: consider the category 
NCompk of nilpotent differential graded k-modules. Objects in NCompk are pairs 
(V, d) where F is a Z-graded k-module V — ®iezV^ together with a degree one map 
d : V ^ V such that o?^ = for some N > 2. NCompk is a symmetric monoidal 
category since if (Vi,di) is such that d^^ = and {V2,d2) is such that c?^^ = then 
{Vi O V2, di®Id + Id® rfs) satisfy {di ®Id + Id® ^2)^'+^""^ = 0. N-differential graded 
algebras (for N >2) are the monoids in NCompk. 

Definition 2 A N-dga {A*,m,d) is called proper if d^~^ ^ 0. 

Let M be a smooth finite dimensional manifold and £^ = M x be a trivial bundle 
over M. The reader may assume that £ is a global bundle and that M is actually a 
neighborhood on which E is trivial. Since our results are covariant they will hold globally 
as well. 

The space n'(M, End{£)) of ii^n(i(£)-valued forms on M is endowed with a differential 
graded algebra structure, with the product given by 

A : n'{M, End{£)) ® Vf{M, End{£)) Vl*{M, End{S)) 
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The space of valued forms fl'{M,S) is endowed with a differential graded module 
structure over Q'{M, End{S)) and also over the differential graded algebra Q'{M) of 
differential forms on M, given by 

Q'(M) (g) fi'(M, £) ^ n'(M, S) 

a{(3 ®4>)\ — > (a A /3) (g) 

fi'(M, End{£)) ® n'{M, £) VL'{M, £) 

{a ® $)(^ ® 0) I — ^ {a^(3)® $(0) 

Recall that a covariant derivative V on £^ is a linear map V : r2*(M, E) i7*(M, E) 
of degree 1 such that 

V(aa) = {da)a + (-l)'^"^'('^)aVa, for all a e n'{M), a G VL'{M,E). 

Since £^ is trivial, V may be written as V = (i + a; for some uj G Q}{M, End{S)), where 
d is the de Rham differential and u is the connection one-form of V. 

For any a G ^1^{M, E), Va G ^l'^~^^{M, E) is the valued form given by 

Va = da + uj/\a. (1.1) 

Taking the covariant derivative of p.lj) we get 

V^(a) = dujAa + ujAujAa = {dcu + lu A uj) A a = A a. (1.2) 

The 2-form F^^ G Q'^{M, End{£)) is called the curvature of V. A connection uo is said to 
be fiat if = or equivalently if = 0. 

Definition 3 We say that a connection u is N-fiat if = 0, where V = d + u and 
N>2. 

A 2- flat connection is just a fiat connection. We have the following 

Theorem 4 Let M be a manifold and S = M x E be a trivial bundle over M. A 
connection u is 

1. 2N-fiat if and only ifF^ = 0. 

2. (2iV + l)-flat if and only if F^V = 0. 
proof Suppose that K = 2N + n, n E {0, 1}, then 

= (rf + cu)2^+" = {d{uj) + UJA ufV" = F^^V".# 
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Example 5 Consider Mf^ with coordinates (a;i, X2, X3, X4). For ui, 002 : ^ M we con- 
sider the connection uj = uJidxi + uj2dx2- 
A simple calculation shows that 

Fc, = ^ J— dxi A dx2 t 0, if ^ ^— t 0. 

\OX2 0X1/ 0X2 UXi 

For example one can take uji = X2 and 002 = —xi, then F^ = 2dxi Adx2 7^ 0. But F^ = 
which implies that u is a 4^-flat connection and (n*(M^, EndiM!^)), V) is a proper 4-dga. 

The previous example is an instance of the following result. 

Theorem 6 Let M be a manifold and assume that TM = A (B B, where dim{A) = a, 
dim{B) = b, and u is a connection on TM such that if F^{a,P) 7^ then a E A and 
f3 e A. In this case V = d + u is 2N-fiat for N > a. 

Let now M be a n-dimensional smooth manifold and S = M x E a trivial bundle 
on it. Using local coordinates Xi,--- , x„ a connection uj G Q^{M,End{S)) may be 
written as = uoidx^ . The 2-form duj + uo /\ uj can be written as Fijdx'^ A dx^ where 
Fij = diOJj — djOJi + [cUjjtUj]. Furthermore 

{Fijdx^ A dx^ f = X] ( n ) ^^s^ A ... A dxs^^ 

AC[n] VgP(A) i=l ^ 

where [n] denotes the set {1,2, ...,n}, the cardinality of A is 2fc and -P(A) is the set of 
ordered pairings oi A = \^s\ < ■ ■ ■ < S2k\ ■ An ordered pairing a G -P(A) is a sequence 
{(ai,6j)}f^^ such that A = Lli=i{'^j)^j} < bi- Theorem HI part (1) implies 

Theorem 7 {Q*{M, S),d + u) is a 2k-dga if and only if 

k 

si9n{a)Y[Fa^^b, = 0, 

aeP(A) i=l 

for all A C [n] with cardinality 2k. 

Corollary 8 If dim{M) = 2n, then {Q'{M,S),d + u) is a 2n-dga if and only if 

n 

sign{a)YlFa^^b, = 0. 

aeP{[2n]) i=l 
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Let (M, g) be a Riemannian manifold. The tangent bundle TM has a canonical 
covariant derivative V, called the Levi-Civita connection. Suppose that the Riemannian 
metric is given in local coordinates Xi, - ■ ■ , by the positive definite symmetric matrix 

Denote by di,--- ,dn the corresponding coordinate vector fields, then the covariant 
derivatives can be expressed 

k I 

where (^f^*^) is the inverse matrix to {gui)- In this case the curvature 2-form is given by 

R — Rkidxk A dxi — R]kidj <S> dxi <S> dxk A dxi, 

where 

^jkl - ^fcJ- jl - jk + J- jl^ hk- ^ jfcJ- hi- 



Theorem 9 (Q'(M,rM), V) is a 2k-dga if and only if 

k 

aeP{A) i=l 

for all A C [n] with cardinality 2k. 

Example 10 Consider the space S'^ x with coordinates {xi,X2,Xs,X4), < Xi < 27r, 
—n/2 < X2 < 7r/2, < X3 < 1 and < X4 < 1. The metric on S"^ x is given in those 
coordinates by 

ds"^ = sin^{x2){dxif + {dx2f + {dx^f + {dx'^f. 

The curvature is 

^^{-sin\x2) \ )d^^^dx2^Q 
Since R^ = 0, then {Vt^S^ x R^,T{S^ x T^)), V) is a 4-dga. 
We generalize the previous example as follows: 

Theorem 11 Let {M,g) be a Riemannian manifold and assume that TM = A (B B is 
an orthogonal decomposition, where dim{A) = a, dim{B) = b, and g is flat on B, then 
{Vl{M, TM), V) is a 2N-dga for N > a. 
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Recall the definition of the generahzed cohomology groups of a N-complex (^4, d) 
[Kap] 

" ^ ' Im{d^-P : A'-^+P ^ A'} ■ 

The total object H'(A) of the cohomology associated to a A^-complex is il'{A) = 
e^^oH™(yl), where 

ll-(A)^ ,H\A). 

2i—p=m 

Example 12 Consider the torus with global coordinates (^1,^2,^3,^4) satisfying 
{Oi, 02, Os, 64) = {e, + 1,62 + 1, ^3 + 1, ^4 + 1). For 

^'' = {1 0) ^''=(0 0) 

H^e c?e/ine W — d + Euddi + Ei^dO^, then since [E'n, £'12] = £'12 we have = Ei2d9i A 
d92 7^ 0; nevertheless it is obvious that = thus ($1(7^, C^), V) is a (proper) 4-dga- 

We have {d9i A d92){d9i) — which implies that d9i e Ker{'V'^), and d9i is not in 
Imiy'^), because otherwise is a 2-form for all functions (5. Then the cohomology 
group 2H\T^) ^ 0. 

In [AD] we showed that if {A, d) is a N-dga then (il{A), d) is a {N — l)-dga, thus we 
see that H {n{T^,<C^),V){^ 0) is a (proper) 3-dga. 

Let M be a manifold and £i trivial bundles on M, i = 1,2. For V^' covariant 
derivatives on £j, we have a natural covariant derivative V^^®^^ on the tensor product 
£1 (8) S2 given by 

y£i®£2(g^ ® S2) = V^iSi S2 + Si (g) V^^S2, 

for Si e n{M,Si). 

The next result is an analog to Theorem 8 [AD] and we omit the proof. 

Theorem 13 // {n{M, £i),V^^) is a N-dga and (Q(M, £:2), V^^) ^5 ^ M-dga, then 
{n{M,£i ® £2), V^i®^2) is a {M + N - l)-dga. Equivalently, if V^^ is M-fiat and if 
is N-fiat then V^^®^^ is (M + N - l)-fiat. 

2 N-Chern-Simons actions 

Let M be a manifold, dim{M) = 2K + 1 and £^ = M x £ be a trivial bundle over M. 
For a connection u on S, consider its K-Curvature = {du + a; A uj)^ . On fl*{M, E) 
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exists a linear functional Jj^Tr: Q*(M,End(E)) ^ R of degree 2K + 1, i.e., / 6 = if 
b 7^ 2K + 1, given by 

cui — > [ Tr (uj), for all uj en'{M,End{E)). 
Jm 

The functional /^^^ Tr satisfy the conditions of [AD] , 

1. Jj^Tr is non degenerate, that is, j^Tr{a A /3) = for all a, then /? = 0. 

2. Jj^Tr{d{a)) — for all a, where d — dEnd{£)- 

3. jj^Tr is cyclic, this is 

/ Tr{a^a2...an) = (_i)"-i(«-2+-+"-n) j Tr{a2...ana^). 
Jm Jm 

We define the Chern-Simons functional cs2,2K ■ J1*(M, End{E)) ^ R by 

cs2,2k{^) = / Tr(7r(#-^(^((ia; + uY))) 
Jm 

where 

1. M<a;, dijj> denotes the free M-algebra generated by symbols uj and duj. 

2. # : R < a;, do; > — > 'R<u,duj> is the linear map defined by 

ij^{uj'H{ujy\..uj''^d{ujy'') = {h + ..+ik+ ji + ■■+ jk)^'^d{ujy\.uj'H{ujyK 

3. TT : R<a;, ^(0;) > — > Q'(M, End{E)) is the canonical projection. 

We have the following result 

Theorem 14 Let K > 1 be an integer. The Chern-Simons functional cs2,2K is the 
Lagrangian for the 2K-Maurer-Cartan equation, i.e., u G fl'{M, End{E)) is a critical 
point of CS2,2K if and only if — 0. 

For K — 2, 3, 4 the Chern-Simons functional cs2,2k{o) is given by 

/" 4 4 
CS2,4M = / Tr{-uj{d{uj)f + 2uj^d{uj) + -uj^). 

Jm 3 5 

CS2,M = I Tr{luj{d{u)f + ^uj\d{u)f + ?,uj^d{^) + luj''). 

Jm z 5 7 

CS2M = / Tr{luj{d{uj)y + ^uj\d{uj)f + %\d{uj)f + 4a;^d(a;) + ^o;"). 

Jm 5 3 7 9 
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3 (K,N)-flat connections 



Suppose now that we choose a nilpotent derivation 6 G fl^{M, End{£)) instead of the 
exterior differential, in this case any covariant derivative on M x E still may be written 
V = 5 + a; for some u; e il^{M, End{8)). Before continue we will review some notations 
from [AD]. 

For s — (si, Sn) e we set l{s) — n, the length of the vector s, and \s\ — Sj. 
For 1 < i < s^i denotes the vector given by s>j = (sj+i, ■■■,Sn)) for 1 < i < n, s<j 
stands for s<j = (si, ...,Sj_i), we also set s>„ = s<i = 0. N(°°) denotes the set U^o^"' 
where by convention N° = {0}. 

For e e n\M,End{S)), we define eW = e^''\..e^'"\ where e^") = c?£„d(e) if a > 1, 
e(°) = e and e'^ — 1. In the case that e^, G fl^{M, End{S)) given by 

e^(Q;) = a; A a, ueQ^{M) 

then e^"'* = d'^^^J^e^j) reduce to eL"^ = eda(j^-), thus 

eL'^ = e^"'^ • • • eif"^ = edn(a,) • • • ed.„(^). 

For G N wc define E^ = {s ^ N(°°) : \s\ + /(s) < A^} and for s e E^ we define 
A^(s) G Z by N{s) = N-\s\- l{s). 

We introduce the discrete quantum mechanical system L by 

1. 14 = N(°°). 

2. There is a unique directed edge in L from vertex s to i if and only if i G {(0, s), s, {s+ 
Ci)} where = (0, 0) G 

i—th 

3. Edges in L are weighted according to the following table 



s(ei) 


t{ei) 




s 


iO,s) 


1 


s 


s 




s 


{s + Si) 


(_l)k<z|+i-l 



The set Pn{^, s) consist of all paths 7 = (ei, e^v), such that s(ei) = and t(ejv) = s. 
For 7 G Pn{^, s) we define the weight ^(7) of 7 as 

TV 

v{-f) = Y[v{ei). 
1=1 

For example if we have — then the A"-curvature is given by 
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Theorem 15 Let M be a manifold and 8 = M x E be a trivial bundle over M. Given 
any connection uj consider the covariant differential V = 5 + cj, then the N-curvature is 
given by 



N-l 



k=0 



where 



Cfc = ^ c{s,N)uj^''^ and c{s,N) 



N{s)=k 
Si<K 



7eP]v(0,s) 



Suppose that we have a derivation 6 sucli tliat 5'^ = 0, and we want to deform it 
into a covariant 3-differential \/ = 6 + uj, lu G n\M). So we required that = 0. By 

2 

Theorem Uni we must have ^^Cfc5^ = 0, let us calculate the coefficients Ck- Notice that 

k=0 

E, = {0, (0), (1), (2), (0, 0), (1, 0), (0, 1), (0, 0, 0)} 

Let us ffist compute Cq. In this case we have four vectors in E^ such that N{s) = 0, 
these are (2), (1, 0), (0, 1), (0, 0, 0). 

For s = (2) there is only one path from to (2) of length 3, 
^ (0) ^ (1) ^ (2) with weight is 1 and = S'i^uj), thus c(s, 3) = S'^{uj). 

For s = (1, 0) there is only one path from to (1, 0) of length 3, 
^ (0) ^ (0, 0) ^ (1, 0) with weight 1 and u^^'^'^ = 6{uj)uj, thus c{s, 3) = 6{uj)uj. 

For s = (0, 1) the paths from to (0, 1) of length 3 are 
^ (0) ^ (0, 0) ^ (0, 1) with weight -1. 
^ (0) ^ (1) ^ (0, 1) with weight 1. 

= ujS{uj), then c(s, 3) = 0, because the sum of the weight of the 2 paths is 0. 

For s = (0, 0, 0) the only path from to (0, 0, 0) of length 3 is 



(0) (0, 0) ^ (0, 0, 0) the weight is 1 and = a;^ thus c(s, 3) 



We proceed to compute Ci. In this case we have two vectors in E^ such that N{s) = 1, 
(1) and (0,0) 

For s = (1), the paths from to (1) of length 3 are 
^ ^ (0) ^ (1) with weight 1. 
^ (0) ^ (0) (1) with weight -1. 
^ (0) ^ (1) (1) with weight 1. 

Lu^-^^ = 5{tu) and thus c(s, 3) = 5{uj). 
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For s = (0, 0) the paths from to (0, 0) of length 3 are 
^ (0) ^ (0) (0, 0) with weight -1. 
^ ^ (0) ^ (0, 0) with weight 1. 
^ (0) ^ (0, 0) ^ (0, 0) with weight 1. 
^(0,0) ^ ^2 ^Yius c(s, 3) = u^. 

Finally we compute C2. In this case we have one vector in E3 such that N{s) — 2, (0) 

For the case s — (0) the paths from to (0) of length 3 are 
^ ^ ^ (0) with weight 1. 
^ ^ (0) ^ (0) with weight -1. 
^ (0) ^ (0) (0) with weight 1. 
— (jj and thus c(s, 3) = u. 

Now the 3-curvature is given by 

Example 16 Infinitesimal deformations. Suppose that we have a K-differential 5 and 
for a connection uo we consider the infinitesimal deformation V = 5 + tu, where t^ — 0. 
cu is N-flat if we have ^j^. c^^*^ — 0, but in this case 

{tuY''^ = {tuY''^ ■ ■ ■ = t^^'^u^'^ = unless l{s) < 1. 

Thus En is given by 

and Ck = c((N - (k + 1)), Ar)a;(^-('=+i)) for all k such that2 < N -k < K. 

4 Differential forms of depth N 

We consider U C M'^' an open set. Wc use local coordinates Xi,--- ,Xk on U. For 
(A^i, ■ ■ ■ ,Nk) G N>2 we define the algebra r2(Arj.... jVj.)(f/) of differential forms of depth 
(iVi, • • • , Nk) on M} as follows: an element a G Q(^Ni,--- ,Nk){U) is given by 

a = ajdx^ 
I 

where I : D{I) c [k] N+, and for all i G D{I) we have I{i) G [A^^ - 1], G C°°(C/) 
anddx^= JJ d^^^Xi. 

ieD{I) 
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We declare that deg{xi) = and deg{d''xi) — k then n(Ar^^...,Arj,)(M"') is a graded algebra 
with the product given by: for a,/? e fl(^Ni,- ,Nk){^"'), ol — ^^ajdx^ and /? = Pjdx"^ 

a(5 = 'y^^{aP)idx^ , 
I 

where 

{aP)i^ ^ sgn{Ki, K2, 1)aiiKiPi\K2, 

KiUK2=D{I) 



and sgniK,, K^, /) = J] (-l)'^'^'^''^- 

ieKi, jeK2 

For a — ajdx^ we define the form da by 



da=Y. ^dXsAdx'+ {-l)^*<''^'^aidx'+'^ 

l<s<k * seD{I) 



where 6s : [k] ^ N is given by es{j) 
We have the following 



1 j = s 
j^s. 



Theorem 17 Q(jVi,...,jVfc)(lR'') is a{Ni-\ \- - k)-dga. 

proof Since f2(7Vi,...,Affe)(a;i, Xk) = flNiixi)^ ■ ■ ■ ^flNi^^Xk), we just need to consider the 
one variable case ^n{x) = M.[x, dx, d^^^x]/ < d^xd^x >, ior 1 < i < N — 1. For 
a = ^^0^ fi{x)d^{x) we have 

f)f N-k-l 

d>'a^^d''x+ y Mx)d'+''x. 
ox ^ 

1=1 

Taking k — N we see that 0,n{x) is a A^-complex, the Leibniz rule and associativity of the 
product are easy to check, thus Qn{x) is a N-dga. By [AD, Theorem 8] fi(jVi,...,Arfc)(lR"') 
is a (A^i H h A^fe - A;)-dga> 

We shall use the notation Q7v(IR'^) ^n,- ,n{^'^)- 
Let us recall the definition of affine varieties. 

Definition 18 M is an affine variety if there is an open covering A = {Ui} of M and 
diffeomorphisms ipi : Ui ^ MJ^, with ipi{Ui) open, such that 

(fj o ip7^ : ifi{Ui n Uj) — > (pj{Ui n Uj) 

satisfy (pj o (p^^(x) = AijX + bij, Aij G Gln{^) and bij e R". 
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/ : M*^ ^ M*^ is an affine map, i.e., f{x) = Ax + b ior A e G/fc(M^), b e The map 
given by 

r{x,) = f and nd^x,) = Q^d%, 

can be extended to a linear map / : fiAr(]R'') such that 1) df* = f*d and 2) 

f*{a A (3) = f*{a) A /*(/3), for all a, (3 e fi^(M'^). 

Let M be an affine manifold. We define the algebra Qn{M) of differential forms of 
depth N on M as follows, flN{M) consist of tuples a = (at/)(7eA, where au € Qn{<Pu{U)), 
satisfying the following compatibility condition 

[ipy o (Pu^Yiavl^yiunv)) = 0(u\>pu(unv)- 

For U,V & A such that U (1 V ^. Our final result is the following 

Theorem 19 Let M an affine manifold with dim{M) = m. Q]\}{M) is a {m — l)N-dga 
and Hn{M) is a ((m - 1)A^ - l)-dga. 
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